Two results related to Mulholland inequality are presented. First, there are functions that are not geo-convex but solve Mulholland inequality; thus Mulholland's condition is not necessary. Second, the set of functions that solve Mulholland inequality is not closed with respect to compositions. As a corollary, the dominance relation on the set of strict triangular norms is not transitive.
Introduction
Mulholland inequality is a functional inequality which has been introduced by H. P. Mulholland in his paper [11] from 1950 as a generalization of the Minkowski inequality which represents the triangular inequality for p-norms. In the same paper, Mulholland has also provided a sufficient condition for the fulfillment of the inequality. Later, in 1984, Tardiff has shown that Mulholland inequality is closely related to the relation of dominance between strict triangular norms and has provided a different sufficient condition [21] . In 1999 Schweizer posed a question [19] on comparing Mulholland's and Tardiff's condition. This question has been answered in 2002 by Jarczyk and Matkowski who demonstrated [7] that the Tardiff's condition implies Mulholland's condition. An alternative proof has been also given by Baricz [3] in 2010.
The two following questions have however remained open:
Question 1.1 Is Mulholland's condition also necessary?

Question 1.2 Is the set of functions solving Mulholland inequality closed with respect to their compositions?
In this paper we intend to bring the answers. Recall that since Mulholland inequality is closely related to the dominance relation on the set of strict triangular norms. Therefore the answer to the second question gives also an answer to the question whether the dominance relation on the class of strict triangular norms is transitive.
Basic notions
We denote by R + 0 the set of positive real numbers with zero and by R + the set of positive real numbers without zero. Definition 2.1 A function f : I → R, defined on a real interval I ⊆ R, is convex resp. geo-convex (or geometrically convex [7] ) if, and only if,
holds respectively for every x, y ∈ I and for every
Note that f is geo-convex if, and only if, F = log •f • exp is convex. Note also that if f is convex, or if it is an increasing bijection, then it is, necessarily, continuous. given by for all x, y ∈ R
Notice that if f is convex then the level cuts of * f are convex sets.
Let S be the power-set of R 
We define a relation ≤ on the set of all the level cuts of the pseudo-addition * f by
This relation is reflexive and transitive, however, it is not anti-symmetric. Thus ≤ is a pre-order.
Mulholland inequality and Mulholland's condition
An increasing bijection f :
holds for all x, y, u, v ∈ R + 0 . Using the notion of pseudo-addition, we reformulate the formula above to
As you can see, we have obtained the definition of the dominance relation between the operations + and * f . Therefore, f : R + 0 → R + 0 satisfies Mulholland inequality if, and only if, + dominates the pseudo-addition * f generated by f .
Further, using the notion of level cuts, we reformulate the Mulholland inequality formula to
The latter inequality allows an intuitive geometric representation which is illustrated in Figure 3 . By M I we denote the set of all the bijections that solve Mulholland inequality. In his paper [11] , Mulholland has provided the following sufficient condition: By M C we denote the set of all increasing bijections on R + 0 that comply with Mulholland's condition, i.e., that are convex and geo-convex. The result of Mulholland presented in Theorem 3.1 can be stated as M C ⊆ M I. The question we are dealing with is whether also M I ⊆ M C. The condition of f being convex is necessary [11] . Thus, we need to find the answer whether the condition of f being geo-convex is necessary, as well.
Geo-convexity and k-subscalability
Let f : R + → R + be an increasing bijection and let F = log •f • exp; then F is an increasing bijection on R. By the definition, f is geo-convex if, and only if, F is convex. Figure 1 illustrates that F is convex if, and only if, ∀A, B, X ∈ R, A ≤ B :
As a corollary, f is geo-convex if, and only if, (see an illustration in Figure 2 ). We weaken this property by introducing a new notion of ksubscalability. We say that, for a given k ∈ R + 0 , an increasing bijection f : 
Larger class of functions solving Mulholland inequality
As it has been proven [12] , if
Therefore, if a convex increasing bijection f : R 
a+b always holds for pseudo-additions generated by convex increasing bijections.
find a sufficient condition such that (6) holds also if a < k or b < k. We present here a rather simple one; we believe, however, that this condition is not necessary and that the problem deserves a further investigation. Figure 5 and the generated pseudo-addition * g is illustrated in Figure 6 . 
The graph of the function g is illustrated in
Proposition 4.1 implies that g /
∈ M C. Moreover, the previous result [12] has shown that g ∈ M I.
Therefore Example 5.3 shows that M C LS.
Notice that the question whether LS M I or LS = M I remains still open although we conjecture that the first case is the true. 
Mulholland inequality and dominance of strict triangular norms
for all x, y ∈ [0, 1]; the bijection ϕ is then called the generator of * .
T-norms are studied nowadays mainly in the framework of the basic logic [5, 6] and the monoidal t-norm based logic [4] which are both prototypical fuzzy logics; particularly, the real unit interval [0, 1] endowed with a strict t-norm is isomorphic to the standard semantics of the product logic which is a special case of the basic logic. Nevertheless, originally the t-norms have been introduced within the framework of probabilistic metric spaces [18, 10] where they establish the triangular inequality of the probabilistic metrics.
Dominance is a binary relation on a set of n-ary operations. Particularly, a t-norm * dominates a t-norm , denoted by * , if
The motivation to study dominance of t-norms comes from Tardiff [22] who recognized that dominance plays an important role when constructing Cartesian products of probabilistic metric spaces. Tardiff has also shown that the dominance of strict t-norms is closely related to Mulholland inequality [21, Theorem 3]. 
solves Mulholland inequality.
Let us remark that, recently, this correspondence has been enlarged to all continuous Archimedean triangular norms [13] .
It can be checked easily that the dominance relation is reflexive and anti-symmetric. Nevertheless, it remained an open question for a long time whether it is also transitive, and thus an order relation [1, Problem 17] . This question has been answered recently by Sarkoci [16] who has given a negative answer for general continuous t-norms. However, for the class of strict t-norms the question remained open. Nevertheless, it has been revealed [8, 14, 17, 20] that for many significant subclasses of strict t-norms the dominance relation is transitive. Proposition 6.2 implies the following. This statement can be proven simply by evaluating the inequality (1), e.g., for x = y = 1 and for u = v < 0.074. Nevertheless, we present here also a geometric proof illustrated in Figure 7 and Figure 8 . By + we denote the common real addition of non-negative real numbers.
Consider the pseudo-additions * g and * f generated by g and f , respectively. Figure 7 illustrates the level set plot of * g with emphasized level sets in b = 12 7 and c = 2; denote them by B and C, respectively. There are, furthermore, two line segments parallel to the level sets of +; one passes through the point (1, 1), denote it by E, and the second through the middle segment of C, denote it by F . The edge vertices of E are (0, c) and (c, 0); the edge vertices of F are (0, f ) and (f, 0) where f = 16 7 . Stress out that E and F are not level sets of * g . Figure 8 illustrates the level set plot of * f . Note that it can be seen as the image of the level set plot of g when applying the mapping m :
Observe that all the level sets in [0, 1], as well as the images of E and F , are quarter-circles centered at 
This is indeed true since the distance l = f − c denoted in Figure 8 is strictly shorter than a which follows from the fact that x → √ x is a concave increasing bijection on R According to Example 5.3 we have g ∈ LS and according to Proposition 4.1 we have h ∈ M C. Thus g and h give us an example of two functions which solve Mulholland inequality but their composition does not.
Concluding remarks
A new condition which is sufficient in order to give a solution for Mulholland inequality has been introduced. Moreover, this new condition delimits strictly more solutions than the one of Mulholland. However, it still remains an open question whether this new condition describes all the possible solutions of Mulholland inequality. We conjecture that this is not the case.
Further, it has been shown that the set LS, as well as the set M I, is not closed with respect to compositions. As it can be easily verified, the set M C is closed. Thus there is an interesting open question what is the maximal subset of M I that is closed with respect to compositions.
